In this article, we discuss a combinatorial problem arising from the National Lottery. The question considered is the following: Given a works (or any other) National Lottery syndicate of say n persons, how small can n be and still allow to ensure that at least one person in the syndicate has a winning ticket? Of course we will only be able to ensure that the required ticket wins the minimum prize of £10. However, we will show that a system to achieve this end can be constructed using some remarkable combinatorics which are well-known parts of modern mathematics. In fact, the system we propose for this problem has n = 290 and at least two tickets will win £10 prizes. It will be perfectly possible that the system will result in some members of the syndicate winning a fourth, third, second or even first prize. Although the combinatorics are quite interesting, it is not possible to 'beat' the National Lottery using our system. We have applied our system to the actual results of the National Lottery since its inception. Our experimental evidence shows that even using our seemingly efficient scheme, payout averages only about 28% of expenditure (showing an average loss of about 72%). However, in a typical draw, our system would actually have produced 5 or so 'winning' tickets for the syndicate.
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Odd and even
As a starting point, for people unaware of the rules of the National Lottery we note that each ticket purchaser is allowed to select any six of the integers from 1 to 49. Each week six 'winning' numbers are drawn randomly together with a seventh 'bonus' number. Anyone who predicted three of the winning numbers wins £10, anyone having four winning numbers receives a fourth prize (whose value varies from week to week depending on the total number of tickets bought and on the number of winning combinations). Anyone with five correct numbers wins a third prize and is eligible for a second prize if their sixth choice corresponds to the bonus number and to a first prize if all their six numbers are correct.
As a first step to the solution of the problem note that, of the six winning numbers either at least three must be even or at least three must be odd. We therefore describe how to purchase enough tickets so that both every possible triple of even numbers between 1 and 49 and also every possible triple of odd numbers between 1 and 49 occurs. Then if precisely three are even and three are odd, we will have two winners (one with the 'even' triple, and one with the 'odd' triple). If four of the numbers are even, say, then we will have bought at least four £10 winners, with the possibility that some of these might be higher prize winners if the other three numbers of any of these tickets are winners. Clearly the situation is better still if five numbers are of one parity. So the problem is how to purchase m tickets, all of odd numbers between 1 and 49, so that every triple of odd numbers in this range occurs somewhere on one of our tickets (and the similar problem to buy k tickets, all of even numbers from 2 to 48.)
Steiner systems
The key to our solution uses remarkable combinatorial systems, known as Steiner systems. These amazing structures are associated with three parameters. An integer n denoting the size of the set, another integer s denoting the size of the blocks and a third integer t denoting the size of the parties. A Steiner system (denoted S (n, s, ?)) for a set X with n elements is a list of ^-element subsets of X, called blocks with the property that each telement subset of X, called a party, is a subset of precisely one of the blocks. As an example, consider die set X = {1,2,3,4,5,6,7} (so that n = 7). Let the following be the list of blocks, each consisting of three elements of X: 12 4; 13 7; 15 6; 2 6 7; 2 3 5; 3 4 6; 4 5 7.
It may be checked, by inspection, that each of the 21 choices of pairs of elements of X occurs precisely once in one of these blocks, so we have a Steiner system 5(7,3,2). Jakob Steiner (1796-1863) was a geometer who became interested in what we now call Steiner systems when he studied the 28 double tangents of a plane quartic curve. Another famous Steiner system occurs via Kirkman's School-girl problem named in honour of a nineteenth century amateur mathematician Revd T. P. Kirkman. Born in Bolton, Kirkman became a minister of the Church of England and was rector at Croft in Lancashire for 52 years. During this time (before there were any Universities in the local area) he pursued original mathematical research in a variety of branches of Pure Mathematics including Group Theory, Knot Theory and Combinatorics. The combinatorial problem associated with his name was 'Fifteen young ladies in a school walk out three abreast for seven days in succession: it is required to arrange them daily so that no two shall twice walk abreast'. In terms of Steiner systems, a solution to Kirkman's problem is provided by a Steiner system S(15, 3, 2) which happens to have 35 blocks of 3 which may be further arranged into 7 collections each containing 5 blocks of schoolgirls so that each girl occurs precisely once in each of these 7 collections (which therefore correspond to the daily walk arrangements). Indeed, there is evidence that his investigations of these problems predated those of Steiner, so perhaps they should be known as Kirkman systems. Readers wishing a more detailed introduction to Steiner systems should consult the book by Anderson [1] .
Given a general Steiner system, say S (n, s, t)), we can list all the blocks containing a fixed element x of X. Then deleting x from all of these blocks, a moment's thought shows that we will have a Steiner system S(n -l,sl,t -I). This process is known as contraction. Conversely, it may be possible to augment our given system S (n, s, t) by adding an extra element to the set X to get a system 5 ( n + l , s + l , f + l). However, this is a relatively rare thing to be able to do. In fact very few general constructions for Steiner systems are known, apart from ones arising from finite geometry. These may be briefly described as follows: given a geometry with a finite number of points n, we can draw the line between any pair of points. If there are s points on every line, then we will have a Steiner system 5 (n, s, 2). The above example of a Steiner system may be interpreted as a geometry on 7 points with 3 points on each line.
Apart from these, most known examples are a result of 'one-off constructions and relatively few Steiner systems (less than 20) are known with 5 greater than 3. However, there is a fairly simple criterion showing that some Steiner systems do not occur. For an 5 (n, s, t) it may be shown that the number of blocks (of size s) is ( j divided by (j), where the brackets denote binomial coefficients. Thus for a Steiner system to exist, this quotient must be an integer. In an example later to be relevant to our problem, this shows there is no system S(24, 6, 3) since 20 does not divide 2024.
One of the most famous constructions is an S(24, 8, 5) which arises in several contexts. The blocks of this system (octads) can be determined using the Miracle Octad Generator (MOG) of R. Curtis [2] . Contracting these gives an 5(23,7,4) and contracting once more gives an 5(22,6,3) with 77 blocks (hexads). This is relevant to our National Lottery problem, as we shall show. The system 5(24, 8, 5) arises in two quite different contexts. Firstly the group of permutations on 24 letters which maps the octads into themselves is a group with 244 823 040 elements known to Group Theorists as the Mathieu group M24. The French mathematician E. Mathieu (1835-90) was interested not just in pure mathematics, but also in the 2-dimensional wave equation for the motion of an elliptic membrane. In pure mathematics he was looking for so-called highly transitive permutation groups when he discovered the five groups, now known as the Mathieu groups. These turned out to play a significant role in the classification of finite simple groups since they are five of only 26 sporadic simple groups (in that they are not part of any larger family of finite simple groups). An account of the relevant parts of group theory is given in the book by Biggs and White [3] .
The same Steiner system is also associated with one of the two famous error-correcting codes discovered by Golay, known as G23 and G24. The first of these is one of the very few known perfect codes (apart from some simple examples). It can be extended to G 2 4, a code of strings of 24 binary digits. If we regard these strings as having 24 places numbered 1 to 24 and look at the code words with precisely 8 of the binary digits equal to l(and so having 16 equal to zero), we can regard these as blocks of 8 digits. In fact these are the blocks of our Steiner system 5(24, 8, 5). Again the book {1] by Anderson gives a more detailed introduction to this connection and also to another related problem of sphere packing in 24-dimensional space.
The choice of tickets
Before discussing our construction, we give some idea of what an efficient solution to our problem might involve. The total number of ways to choose 3 numbers from 49 is given by a binomial coefficient whose value is 18,424. Since each ticket with 6 numbers selects 20 of these triples, if there was a Steiner S(49, 6, 3) system we could buy 18,424/20 tickets and each possible winning outcome would occur precisely once.
The fact that 18,424/20 = 941.2 is not an integer, shows that such a Steiner system does not exist. Even so, we would need to buy a minimum of 942 tickets to ensure that we covered every possible triple. However once the winning six numbers had been chosen, these 942 tickets (if it were possible to choose them) would contain all 20 of the triples making up the six winning numbers. This shows that in the best of all possible outcomes, we would buy 942 tickets to produce 20 winners and so return £200 of our outlay. However, each of our 20 winning tickets will contain 3 extra digits from 1 to 49, so we might expect that at least one of our winning tickets each week would in fact be a fourth prize winner (on average about £55). If we had a completely efficient system, we would expect that every 40 weeks or so, one of these tickets with four correct numbers might have five correct numbers (although an efficient system to predict the outcome of tossing a coin does not exist!). The value of the third prize varies, but an average of about £2500 is about correct. This gives an extra estimated income of about £60 per week. Thus, making the most optimistic assumptions, we might predict that an outlay of £942 per week might produce about £315 income, giving a recovery rate of about one third (or a loss of 2/3). We will see that our system compares quite favourably with this very crude estimate of the best possible outcome, by returning about 28% of outlay. Now we show how to purchase 129 tickets (all containing only even numbers) so that if any triple of even numbers from 2 to 48 is selected then at least one of our tickets will contain that triple. We therefore buy 77 tickets containing the 22 even numbers from 2 to 44 determined by the hexads of our Steiner System S(22, 6, 3). Provided that 46 and 48 are not winning numbers we have solved our problem. We next buy some more tickets to deal with 46 and 48. Write down all the blocks of the Steiner System which contain the number 44, the '44-cohort', and add two to each number in every one of the blocks. There will be 21 of these. Then every triple of even integers of the form (a, b, 46), with 2 < a, b < 46, will occur in one of these blocks. Now if we add 4 to every number in each of the 21 original '44-cohort' then we will have every triple of even integers of the form (a, b, 48), with 4 < a, b < 48. Thus buying these extra 42 tickets will ensure that we have solved the even integer problem except for the triples (i) of type (2, a, 46) with 2 < a < 46, (ii) of type (2, a, 48) with 2 < a < 48 and (iii) of type (4, a, 48) with 4 < a < 48. We complete our solution to this even problem by buying 10 extra tickets of Core terms of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.2307/3622005 the form {2, 4,46, 48, a, b] as a and b range over the even numbers from 6 to 44. Hence we buy 129 tickets to ensure that every possible even triple is covered. This may seem an excessively large number of tickets, but the total number of choices of three elements from an 24 element set (such as the even numbers from 2 to 48) is 2024, and we are trying to include all possibilities. Since each ticket of six numbers determines 20 triples, at least 102 tickets would need to be bought to ensure that each triple occurred at least once, so our 129 is quite an efficient choice. Now we turn our attention to the odd triples. We show how to buy tickets to ensure that if any triple of odd numbers from 1 to 49 is selected then at least one of our tickets will contain that triple. We first write down the 129 hexads arising from our solution to the even triples. Subtract 1 from every integer in each of the hexads and buy a further 129 tickets. The resulting 129 tickets will have a winner unless 49 is a winning number. Now the original '44-cohort' has become a '43-cohort', so we add 6 to each number in every one of the 21 hexads containing 43 and purchase these extra 21 tickets. We are now only missing the odd triples containing 49 together with one or more of the numbers 1, 3, 5. We solve this problem by buying 11 tickets of the form {1, 3, 5, 49, a, b] as a, b range over the remaining numbers from 7 to 47. So we buy 161 tickets to ensure we have every possible odd triple. Now the minimum number of tickets of odd numbers which would be required to cover all 2300 triples of a 25 element set (such as the odd numbers from 1 to 49) is 115, so our system is again reasonably efficient. Given that we require 129 tickets for the even triples, means that we buy a total of 290 tickets.
At the outset, we claimed that our system would, in fact, ensure at least two winning tickets. This is because if three of the drawn numbers are even and three are odd, we will have one winner of each parity. However, if k (for k > 3) numbers of the same parity are drawn then we will have a winning ticket for each of the possible ways to choose a set of size 3 from k (giving 4, 10 and 20 winners when A: is 4, 5 or 6 respectively).
Experimental evidence
We have applied our system to the actual numbers chosen in the National Lottery draw from the first to the 332nd draw. It transpires that over this period our system would have produced 1616 prizes of £10, 86 fourth prize winners and 2 third prize winners. Estimating the typical value of the fourth prize, shows that using this system, for an outlay of £290 per draw, we would average about £80 per draw in prizes. Another way to put this is that each week we might expect at least 5 members of our syndicate to win a prize. This does not represent a very good reward for outlay, but the National Lottery was designed to produce funds for the system rather than rewards for the average player! However, this rate of overall loss compares quite favourably with those obtained by the very crude over-estimates made in Section 3.
It is also interesting to note that the 77 even (2-44) system would have regained 59.52% of the money invested. However, it would no longer be the case that we would have a winning ticket each week, since such a ticket could not arise if either more than 3 of the drawn numbers are odd, or 46 and 48 are both drawn. The interested reader can find this 77 even (2-44) system together with the complete 290 'ticket' choices at either of die web sites:
http://www.liv.ac.uk/Maths/SYSTEMATIC\_2/news.html http://www.hope.ac.uk/maths/winlines.html Alternatively, the system may be obtained from any of the authors at the given addresses.
